We prove that integral projective curves with Cohen-Macaulay singularities over an algebraically closed field of characteristic zero are determined by their triangulated category of perfect complexes. This partially extends a theorem of Bondal and Orlov to the case of singular projective varieties, and in particular shows that all integral complex projective curves are determined by their category of perfect complexes.
Introduction
Derived categories of sheaves are a relatively recent development in algebraic geometry. Besides intrinsic interest, they present a fruitful approach to noncommutative and homological methods in algebraic geometry, and since their initial development, many interesting connections to more classical questions have been discovered. For any variety X we can associate to it the bounded derived category of coherent sheaves D b (X), which is the Verdier quotient of bounded chain complexes of objects in coh X by the subcategory of bounded acyclic complexes. The resulting category is no longer abelian, but rather admits a different structure known as a triangulation.
The first question one might ask is how much information about X is lost in this process. It is a well-known theorem of Gabriel that the abelian category coh X completely determines X, but the analogous question for D b (X) is more interesting. If we consider D b (X) with its tensor product as a symmetric monoidal triangulated category, then it remains a complete invariant [Bal05] . However there are many interesting equivalences that do not respect the tensor product. So instead considering D b (X) purely as a triangulated category, we ask the same question. In the case of a smooth projective variety, the answer is tied to the intrinsic geometry of X, namely if ω X is (anti) ample, then the famous "reconstruction theorem" of Bondal and Orlov in [BO01] states that the derived category is still a complete invariant. However in the case where ω X is neither (in particular, trivial), then there are examples of non-isomorphic varieties with equivalent derived categories. Historically the first examples were found by Mukai [Muk81] , and the specific functor employed in the equivalence is now referred much more generally as an "integral functor", with the term "Fourier-Mukai functor" typically reserved for those integral functors which are equivalences. Integral functors have taken center stage as the geometric functors of primary consideration, due both to utility and necessity, as a seminal result of Orlov [Orl97] showed that any derived equivalence between two smooth projective varieties is given by a Fourier-Mukai functor.
An aspect of the theory which has, up until somewhat recently (see [Bal11, HRLMdS07, SdSSdS12, HRLMSdS09, KKS18] ), been mostly ignored is the case when X is singular. However many of the basic tools are now in place for its detailed study. For example, the work of Lunts and Orlov [LO10] has shown that fully faithful functors between projective varieties with arbitrary singularities are integral functors. In addition, many details about the structure of arbitrary triangulated categories are now known. In this paper we are interested in the question of reconstruction, more precisely, to what extent is X determined by D b (X) (or Perf X) when X is a singular variety. To give some context for our result, it is known that the reconstruction theorem of Bondal and Orlov holds for Gorenstein varieties with ample or anti-ample dualizing bundle, proven by Ballard [Bal11] and de Salas and de Salas [SdSSdS12] . We provide an answer to the reconstruction problem for the next most reasonable type of singularity, those of Cohen-Macaulay type. However due to complications in higher dimensions, we make the additional simplification to consider only dim X = 1, namely, projective curves. Since any integral projective curve is automatically Cohen-Macaulay, we lose no generality by our assumptions on the singularities, with arbitrary singularities (necessarily in higher dimensions) left for future work.
To give more context for out result, let us remind the reader about what is known for dimension one. As a special case of the results cited above, any curve X which is regular or Gorenstein with ample or anti-ample dualizing bundle is completely determined by Perf X. The simplicity of curves allows us to reformulate conditions on the canonical bundle to conditions on the arithmetic genus p a (X). It is well known that any regular curve with p a (X) = 1 has anti-ample (= 0) or ample (≥ 2) canonical bundle ω X . When X is Gorenstein, the situation is only marginally more complicated. As is well-known, p a (X) = 0 can only occur when X ∼ = P 1 ; on the other hand by Riemann-Roch, the dualizing bundle on a Gorenstein curve with p a (X) ≥ 2 has positive degree. Now a theorem of Catanese [Cat82, Theorem B] tells us that the dualizing bundle is ample.
The only remaining case for regular or Gorenstein curves is when the arithmetic genus is one. Over C, there are few possibilities; the curve is either regular (and hence an elliptic curve) or the curve is Gorenstein, and must be either a cuspidal or nodal cubic. The former case can be handled in several ways, originally in [HVdB07] it was shown that any two derived equivalent elliptic curves must be isomorphic (see also [Ber07] ), and the analogous result in the latter cases are proven in [LM14, LMTP17] . If we are not over C, see [War14, Section 2.3] for a discussion when X is regular. Assembling the results in this and the previous paragraph, it follows that if X is a regular or Gorenstein complex projective curve, it is completely determined by Perf X.
Our result is the following:
Theorem A. Let X and Y be integral projective varieties such that dim X = 1 and X is strictly Cohen-Macaulay (i.e. contains a singular point which is not smooth or Gorenstein).
From our result, it then follows that all integral complex projective varieties of dimension one are completely determined by their triangulated category of perfect complexes.
We remark here that since derived equivalences in the singular case are all Fourier-Mukai functors, the work of Ruipérez et al. [HRLMSdS09, Theorem 4 .4] implies that dim Y = dim X and that Y is Cohen-Macaulay. In our proof we will comment on a different way to reach the same conclusion.
Let us now comment on the structure of the paper. We have broken the discussion into two parts, the first part serving as a reminder on some relevant aspects of derived categories. While the original proof of the reconstruction theorem in [BO01] works for any equivalence, our proof relies upon, in an essential way, the work of Lunts and Orlov [LO10] who showed that equivalences between derived categories of projective varieties are given by Fourier-Mukai functors. As such the first subsection is devoted to a review of this very important class of functors. The fundamental result of this subsection is Lemma 2.5, which shows that under our conventions, a Fourier-Mukai equivalence between any of D(Qcoh(−)), D b (−), or Perf(−) (see the conventions below for notation) automatically induces a Fourier-Mukai equivalence between the other two pairs. This result is certainly already known to the experts, but we included a proof due to lack of an adequate reference. The following subsection is devoted to a review of a replacement for the Serre functor on the bounded derived category, which following Ballard in [Bal11], we label a Rouquier functor.
The only other part of the paper is devoted to the proof. We first take the opportunity to establish a special class of objects of Perf X, the perfect zero-cycles. They are a class of skyscraper sheaves on our curve X which are structure sheaves of thickened points; their most useful property is their ability to detect the support of a complex in D b (X). After some minor comments about the Rouquier functor in the case of projective curves, the proof then begins in earnest. The proof consists of two major steps. The first is to classify, in a manner very similar to previous work in [BO01] and [SdSSdS12] , the perfect zero-cycles on our curves. We then use these objects to show that the Fourier-Mukai functor preserves the structure sheaves of closed points, and well known techniques will finish the proof.
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Conventions. Throughout we work over a fixed algebraically closed field k of characteristic zero. In addition, unless explicitly stated otherwise, any scheme X is assumed to be a projective variety; in particular for us this means an integral separated scheme of finite type over Spec k, such that X admits a closed immersion into some projective space. A (projective) curve refers to a (projective) variety of dimension one.
Unadorned products of varieties and unadorned tensor products of sheaves on X always mean the fiber product over Spec k and the tensor product over O X respectively. We indicate the right derived functor of a left exact functor F by RF , and similarly the left derived functor of a right exact functor G by LG.
By D * (Qcoh X) and D * (X) we always mean the derived category of complexes of quasicoherent sheaves and coherent sheaves respectively, with appropriate decoration * ∈ {−, +, b} meaning bounded above, below, and bounded respectively. In particular, we identify D b (X) with the full subcategory of D(Qcoh X) consisting of complexes of quasi-coherent sheaves with bounded coherent cohomology sheaves. By Perf X we mean the full triangulated subcategory of D(Qcoh X) consisting of complexes which are Zariski-locally isomorphic (in D(Qcoh X)) to a bounded complex of vector bundles. It follows from our assumptions that every perfect complex on X is strictly perfect, that is, globally isomorphic to a bounded complex of vector bundles, as any separated scheme with an ample family of line bundles satisfies this [TT90, Theorem 2.4.3].
Derived categories of sheaves
Here we review a few auxiliary facts about derived categories of sheaves which will be of use. The first section is dedicated to the study of integral functors and the focus is mainly on when they can be extended or restricted between subcategories of D(Qcoh X). The second section focuses on a more general version of the Serre functor on D b (X), which was originally studied in [Rou08] .
Fourier-Mukai Partners. Two schemes X and Y are said to be derived equivalent if there is a triangulated equivalence between the two categories D(Qcoh X) and D(Qcoh Y ). It is a desirable property for any functor F : D(Qcoh X) → D(Qcoh Y ) between the two categories to be represented by an object on the product, namely, consider the product:
with π X and π Y the projections. Given some object K in D(Qcoh(X × Y )), called the kernel, we ask if F is isomorphic to the triangulated functor
If so, we say that F is an integral functor with kernel K. If it is also an equivalence, we say that it is a Fourier-Mukai functor. Fourier-Mukai functors also make sense when, instead of considering the unbounded derived category of quasi-coherent sheaves, we consider other suitable subcategories, namely Perf X and D b (X). For both of these subcategories, we make a nearly identical definition as above.
It is a theorem of Orlov [Orl97, Theorem 2.2] that for X and Y smooth projective varieties, then any triangulated fully faithful functor admitting adjoints between D b (X) and D b (Y ) is an integral functor. The question then is to extend this to the singular case, and using the formalism of dg-enhancements, Lunts and Orlov were able to show the following.
Lemma 2.1 ([LO10], Corollary 9.12). Let X and Y be quasi-compact separated schemes over a field k. Assume that X has enough locally free sheaves. Let F : D(Qcoh X) → D(Qcoh Y ) be a fully faithful functor that commutes with coproducts. Then there is an object K ∈ D(Qcoh(X × Y )) such that the functor Φ X→Y K is fully faithful and Φ X→Y K (C) ∼ = F (C) for any C ∈ D(Qcoh X).
We emphasize that it may not be true that there is an isomorphism of functors F ∼ = Φ X→Y K . From elementary arguments however, it is true that if F is an equivalence, then Φ X→Y K will be as well.
However the main object of study, for many technical reasons, is typically not D(Qcoh X). Instead one works with the better behaved subcategories D b (X) and Perf X. Again, Lunts and Orlov were able to give a very general result, dependent on the geometry of X.
Lemma 2.2 ([LO10], Corollary 9.17). Let X be a projective scheme with maximal torsion subsheaf of dimension zero T 0 (O X ) trivial, and Y a noetherian scheme. Let F : D b (X) → D b (Y ) be a fully faithful functor that has a right adjoint. Then there is an object
For the category of perfect complexes, they were also able to conclude:
, Corollary 9.13). Let X be a projective scheme with maximal torsion subsheaf of dimension zero T 0 (O X ) trivial, and Y a quasi-compact and separated scheme.
Remark 2.1. In Theorem A, the assumption that X was integral allows us to conclude that O X is a torsion-free sheaf, and so the hypotheses of Lemmas 2.2 and 2.3 are satisfied.
Remark 2.2. We record here for the reader that integral functors in great generality will commute with all coproducts. The only difficulty is the derived pushforward, but so long as f : X → Y is quasi-compact and quasi-separated, Rf * will commute with arbitrary coproducts, see [Sta19, Lemma 08DZ]. Alternatively one may use the existence of adjoints [Riz17] .
Remark 2.3. It is worthwhile to point out that working with D b (X) can be troublesome in the singular case. If the kernel of an integral functor is not nice enough the derived tensor product can escape to the bounded above derived category. For some criteria for an object to define a functor between bounded derived categories, see [HRLMSdS09, Proposition 2.7]. Alternatively, one could work directly with D − (X).
Although in our assumptions in Theorem A are Perf X ∼ = Perf Y , it so happens that we will need to pass to D b (X) eventually. This is a delicate question since we are in the singular setting. Before we providing an answer we should first recall the notion of a compact object in a triangulated category and the notion of a compactly generated category.
Definition 2.1. Given a triangulated category T , an object A is called compact if the functor Hom T (A, −) commutes with all coproducts. The full thick subcategory of compact objects is denoted T c . T is said to be compactly generated if (T c ) ⊥ = 0.
It is well known (see [BvdB03, Theorem 3.1.1]) that if X is quasi-compact and quasiseparated, D(Qcoh X) is a compactly generated triangulated category, generated by a single perfect complex, and D(Qcoh X) c = Perf X. Compact generation also provides a very convenient characterization of the category T in question. The following is due to Neeman in [Nee96, Lemma 3.1].
Lemma 2.4. Let S ⊂ T be a full triangulated subcategory of a compactly generated triangulated category T . If S contains T c and is closed under all coproducts of its objects, then S ∼ = T .
Our primary example is T c = Perf X and T = D(Qcoh X). In particular, any full subcategory of D(Qcoh X) which contains Perf X and all coproducts of objects in Perf X must be everything.
Lemma 2.5. Let X and Y be two projective varieties over the field k. Then given K ∈ D(Qcoh(X × Y )), the following are equivalent:
Furthermore, if any one of the three above occurs, then
One should also compare this result to [CS18, Proposition 7.4].
Proof. We first show that (1) implies (3). Indeed, Perf X ⊂ D(Qcoh X) are precisely the compact objects, namely those objects A such that Hom(A, −) commutes with all coproducts. It is then immediate that Φ X→Y
Again assume that (1) holds. By [Rou08, Proposition 7.46], an object
Since, by the previous paragraph, the integral functor preserves compact objects, applying this fact shows that Φ X→Y K restricts to an equivalence
This shows that (1) =⇒ (2).
Let us now assume (2). By [Rou08, Lemma 7.49], an object A ∈ D(Qcoh X) belongs to Perf X if and only if dim
This shows (2) =⇒ (3).
To complete the proof of the first claim, it is enough to show that (3) implies (1). Consider the naive extension of this functor to Φ X→Y K : D(Qcoh X) → D(Qcoh Y ) by simply allowing the Fourier-Mukai functor to take inputs from D(Qcoh X). We claim that this functor is fully faithful on all of D(Qcoh X). Let Perf X ⊕ ⊂ D(Qcoh X) be the minimal full triangulated subcategory containing Perf X and all coproducts of perfect objects. By Lemma 2.4, Perf(X) ⊕ = D(Qcoh X). Consider the full triangulated subcategory of D(Qcoh X) defined by
By assumption, this category contains Perf X, and since E is compact and Fourier-Mukai functors commute with all coproducts, it also contains Perf X ⊕ . Thus T = D(Qcoh X). Similarly, consider the full triangulated subcategory of D(Qcoh X) defined by
Since we have shown that T = D(Qcoh X), the same logic again implies Perf X ⊕ ⊂ S, and so must be all of D(Qcoh X). This shows that the extension to the unbounded derived category is fully faithful. Now to see that the extension is essentially surjective, it again is enough by Lemma 2.4 that the essential image be a full triangulated subcategory and is closed under coproducts of objects in Perf Y . The essential image is full as we have shown above that the functor is fully faithful, and the second condition follows as the Fourier-Mukai functor preserves all coproducts. This shows that (3) implies (1), and completes the proof of the first claim. Let us now turn to the second statement.
By restricting to Perf X, by the work of Lunts and Orlov in Lemma 2.3, we conclude that there is an object
. Now by [CS14, Remark 5.7], the kernel is unique, and so E ∼ = K. Since this kernel realizes all three equivalences, the result follows.
To conclude this subsection, we recall a well-known fact, namely if an integral functor between two projective varieties preserves structure sheaves of points, then the kernel of the functor is supported on the graph of a morphism between the varieties in question. In particular, if the integral functor is a Fourier-Mukai functor, the two varieties are isomorphic. This was originally known for smooth projective varieties (see for example, [Huy06, Corollary 5.23 and 6.14]), but the crux of the proof is the knowledge that the functor is represented by an object on the product. Since this is known for singular varieties, the same statement holds.
Recall that the support of a complex K ∈ D b (X), denoted supp K, is the union of the supports of its cohomology sheaves. In this scenario the support is a closed subscheme.
Proof. The proof of the first statement can be found in several places, for example, [HVdB07, Proposition 4.2], [BBHR09, Corollary 1.12], or originally, in steps 2 and 3 of the proof of [Orl02, Theorem 2.10] where it is stated in the setting of abelian varieties. We note here that as a byproduct of the proof, the section σ : X → X × Y is an isomorphism between X and supp K.
By letting f = π Y • σ, the projection formula easily shows that
and it is clear that this functor is an equivalence if and only if f is an isomorphism. Indeed, the "if" direction is obvious, for the converse, the inverse functor Φ Y →X E must satisfy the same hypotheses, and hence there is a section ζ : Y → X × Y realizing an isomorphism between Y and supp K. Setting g = π X • ζ, it follows that g is the inverse to f . Given a smooth projective variety X, the bounded derived category D b (X) possesses a distinguished autoequivalence given by
This functor captures the notion of Serre duality, and as such is called a Serre functor. More generally given a k-linear triangulated category T , a Serre functor is a triangulated autoequivalence S : T → T for which there are natural isomorphisms
where " * " indicates the vector space dual. Typically the presence and properties of a Serre functor on a triangulated category T has significant consequences for the structure of T .
The first question is that of existence. Fixing A ∈ T , we see that if the functor Hom T (A, −) * is a representable functor for any such A, with representing object in T , then T has a so-called weak Serre functor, that is, a Serre functor that is not necessarily an autoequivalence. The question of representability can be difficult, but if T is compactly generated and cocomplete, a convenient criterion exists known as Brown representability:
Theorem 2.1 ([Nee96], Theorem 3.1). Let T be a k-linear, compactly generated, and cocomplete triangulated category. If H : T → Vect k is a contravariant functor sending all distinguished triangles to long exact sequences, and H sends all coproducts to products, then H is representable.
It is well-known that the functors Hom T (A, −) are always cohomological, that is, they satisfy the hypotheses of Brown representability; so to conclude that T has a weak Serre functor by this approach, it follows that the functor Hom T (A, −) must commute with all coproducts. This is the same as saying that A is compact in T , and so it follows that if this functor is represented by an object in T c , the category T c will have a weak Serre functor.
Let us now specialize to the geometric case, where T = D(Qcoh X). It is well-known that X is regular if and only if Perf X ∼ = D b (X), and so in the singular case we no longer expect D b (X) to possess a Serre functor. However it is still possible for Perf X; if X is Gorenstein, this is precisely what occurs. SdSSdS12] ). If X is a proper variety over a field k, the category Perf X has a Serre functor if and only if X is Gorenstein. In particular, the functor has the formula:
The failure of Perf X to have a Serre functor in the non-Gorenstein case is not due to a failure of existence, but rather the representing objects for the functors Hom(A, −) no longer lie in Perf X. This observation is due to Rouquier [Rou08, Section 4], where the following definition was given. In particular, if S = T and F is the identity functor, then a Rouquier functor is just a weak Serre functor. As we had discussed above, the existence of a Serre functor is closely related to the representability of the functors Hom T (A, −) * , and in the case of a Rouquier functor, a similar result also holds.
Lemma 2.7 ([Bal11], Lemma 5.7). A necessary and sufficient condition for the existence of R F is the representability of the functors Hom T (F (A) , −) * for A an object of S. If it exists, its unique.
In particular, if the triangulated category is compactly generated, then the previous discussion implies the following. Our main example is the case of projective schemes. For the following, see Proposition 7.47 and Remark 7.48 in [Rou08] , see also [Bal11, Example 5.12] for more details.
Lemma 2.9. Let f : X → Spec k be a projective scheme over the field and ι : Perf X ֒→ D(Qcoh X) the inclusion functor. Then the Rouquier functor R X := R ι exists and is isomorphic to
Another extremely useful feature of a Serre functor is that it commutes with all equivalences of triangulated categories. In our situation, there is an analogous statement. 
Reconstruction for projective curves
In this section, after some more preliminaries, we give the proof of Theorem A. We first establish a class of objects on projective curves which we call perfect zero-cycles; one may think of these as "test objects" against which we will find the support of particular complexes. Following this, we exploit the perfect zero-cycles to show that the Fourier-Mukai transform which realizes the equivalence Perf X ∼ = Perf Y preserves the structure sheaves of closed points. Then the theorem will follow from Lemma 2.6.
Preliminaries: Perfect zero-cycles. In the original proof, due to Bondal and Orlov in [BO01], point objects in D b (X) were characterized as the structure sheaves of closed points by using the Serre functor. In the singular case, since structure sheaves of closed point are no longer perfect, we work primarily with Perf X for the reasons mentioned in Remark 2.3.
Let us first recall from [HRLMdS07, Section 1.3] a construction of what we will refer to as Koszul zero-cycles. Let X be a projective curve (which by our conventions, is integral).
Then for any closed point x ∈ X, the local ring (O X,x , m x ) is an integral noetherian ring of dimension one. Choosing any element of the maximal ideal yields a non-zero divisor f ∈ m x ⊂ O X,x , and letting (f ) be the ideal sheaf determined locally by this nonzero divisor, this determines a closed subscheme Z x , supported only at x ∈ X. Since f is a nonzero divisor, multiplication by a local section yields a resolution of the structure sheaf O Zx = O X /(f ) by locally free sheaves of length 1 (= dim X), hence O Zx is perfect as an object of D b (X). It is worthwhile to point out that this is just the Koszul complex associated to a regular sequence of length one, which provides some justification for the name. We can also globalize this, namely a locally noetherian scheme X is said to be a Cohen-Macaulay scheme if O X,x is a Cohen-Macaulay ring for all x ∈ X. While we will only need the most basic facts about Cohen-Macaulay rings, a more thorough treatment can be found in [BH93] .
Our primary example is when R is a reduced local ring of dimension one, where such rings are automatically Cohen-Macaulay (this is [BH93, Exercise 2.1.20(a)]). Since the definition of a Cohen-Macaulay scheme is local, it follows that any integral curve is Cohen-Macaulay. A maximal regular sequence in such a ring R is simply a nonzero divisor f ∈ R as we found above, and it follows that the quotient satisfies dim R/(f ) = 0. As indicated, we also have a finite resolution by free R-modules of finite rank given by the Koszul resolution:
Remark 3.2. Considering again the geometric situation where X is a projective curve, for any P ∈ Perf X, End Perf X (P ) is a finite dimensional (noncommutative) k-algebra with multiplication given by composition. Now for any other object Q ∈ Perf X, the space Hom Perf X (P, Q) has the structure of a right End Perf X (P )-module, with the action given by pre-composition. Choosing some closed point x ∈ X, if we consider a Koszul zero-cycle P = O Zx , since Z x is affine, we can identify O Zx with its global sections and thus
which shows that in this case the endomorphism algebra is commutative. Further, since Ext is local, the Koszul resolution yields
These Koszul zero-cycles will be the prototypical example of our point-like objects. More generally however, there is, to the author's knowledge, no good categorical way to test if an ideal is generated by a regular sequence. So we give below the definition of a perfect zero-cycle, whose definition was inspired by [SdSSdS12, Definition 1.6] in the context of Gorenstein schemes.
Definition 3.1. Let X be projective curve and let x ∈ X be a closed point. A perfect zero-cycle at x is a closed subscheme Z x ֒→ X supported at x such that
Here and from now on, we will always denote a perfect zero-cycle supported at x ∈ X by Z x .
Remark 3.3. By Remark 3.2, it is clear that every Koszul zero-cycle is a perfect zero-cycle, and since we can construct a Koszul zero-cycle for every closed point x ∈ X, this shows that the category Perf X has "enough perfect zero-cycles".
Remark 3.4. Clearly any regular closed point x ∈ X with its structure sheaf k(x) is a Koszul zero-cycle. Conversely, if a closed point x ∈ X with structure sheaf k(x) is a perfect zero-cycle, it follows by assumption that k(x) is perfect as an object of D b (X). The wellknown result of Auslander, Buchsbaum, and Serre (see for example, [BH93, Theorem 2.2.7]), which states that a noetherian local ring R is regular if and only if its residue field has finite projective dimension as an R-module. Thus x ∈ X must be regular.
One of the most important uses of the set of perfect zero-cycles is their ability to probe the support of a complex. Recall that the support of a complex Q ∈ D b (X), denoted supp Q, is the union of the supports of its cohomology sheaves. Since there are finitely many non-zero cohomology sheaves, and each cohomology sheaf is coherent, this gives a closed subscheme of X. A priori this subscheme could be non-reduced, but we will always implicitly take the reduced subscheme structure when we refer to the support of a complex.
For the reader's convenience, we include the following elementary lemma. We note here that we only need the property that a the structure sheaf of a perfect zero-cycle is a supported at only a single closed point.
Proof. Since X is assumed Cohen-Macaulay, for any closed point there is a perfect zero-cycle supported on it (see Remark 3.3). Suppose a closed point x ∈ X belongs to the support of Q and denote the cohomology sheaves of Q by H i . We consider the spectral sequence
. Since x belongs to the support of Q, there is at least one cohomology sheaf H q supported at x. Let ι x : {x} ֒→ X be the inclusion of the closed point x, and using the adjunction between the inverse image and pushforward, there is an isomorphism:
, where we identify O Zx with its pushforward since it is a skyscraper sheaf on X.
To show that these spaces are nonzero it is clearly enough to see that the left-hand side is nonzero. In particular the stalk H q x is a finitely generated O X,x -module which is supported on the maximal ideal m x by assumption, and O Zx is a finitely generated O X,x module whose support is precisely the maximal ideal. Hence by Lemma 3.1 there is a nonzero morphism
, which shows that the morphism space is nonzero.
So now taking the maximal q 0 such that H q 0 x = 0 at x, we see that the term E 0,−q 0 2 survives to the E ∞ page as there are no negative Ext groups between two sheaves, so the differential ending at E 0,−q 0 2 starts from zero, and the differential leaving E 0,−q 0 2 hits terms which are zero simply because we had chosen q 0 maximal, and all Ext groups between sheaves with disjoint support are trivial (using the local-to-global spectral sequence). Hence this term survives, and since it is nonzero, we see
Conversely, suppose that Hom D b (X) (Q, O Zx [m]) = 0 for some m ∈ Z. Suppose by way of contradiction that x / ∈ supp Q, equivalently, x / ∈ supp H i for all i ∈ Z. But since sheaves with disjoint support have no nontrivial Ext groups, the spectral sequence 3.1 yields a contradiction.
Preliminaries: The Rouquier functor. Before we move on to the proof, there is one more piece of the puzzle which we should elaborate on. In Lemma 2.9 we recalled from [Rou08, Remark 7.48] that the Rouquier functor R X associated to any projective scheme is given by
and has essential image in D b (X). We would now like to take the opportunity to remind the reader of the relevant features of the dualizing complex f ! O Spec k in the setting where X is a projective curve. By assumption we have a closed immersion i : X ֒→ P n , and so the dualizing complex may be taken to be [Sta19, Lemma 0AA2, Lemma 0AA3]
Since X is Cohen-Macaulay by Remark 3.1, this complex has exactly one non-zero cohomology sheaf in degree −1 [Sta19, Lemma 0BS2], and so the complex is quasi-isomorphic to its unique cohomology sheaf
We denote this cohomology sheaf by ω X . This is nothing more then the classical dualizing sheaf appearing in Serre duality [Sta19, Lemma 0BS3]. Putting this all together, if X is a projective curve, the Rouquier functor can be given explicitly as
It is well-known that ω X is a divisorial sheaf (reflexive and generically locally free of rank 1) and in particular torsion-free. Indeed on the regular locus U ⊂ X, this definition reduces to give an isomorphism of coherent sheaves ω X | U ∼ = det Ω 1 U/k , where the latter is the canonical bundle on U (see for example, [Kle80, Proposition 22] or [Kov17, Lemma 3.7.5]). Further, the restriction of ω X to the Gorenstein locus is a line bundle [Sta19, Lemma 0BFQ].
With this description of the dualizing sheaf ω X , let us introduce some convenient notation. Given a projective curve X, we define the non-Gorenstein locus X nG to be the set consisting of all points x ∈ X such that ω X,x is not cyclic as a O X,x -module. By definition on X \ X nG the stalk ω X,x of the canonical sheaf is generated by a single element and since it is torsionfree, it must be free of rank 1, hence ω X | U ∼ = O U for some open neighborhood containing x. Using this notation, we may reformulate our assumptions in Theorem A and say that a projective curve X is strictly Cohen-Macaulay if and only if X nG = ∅.
The Proof of Theorem A. The first step is to characterize the perfect zero-cycles as objects of Perf X. Recall from our conventions that all varieties are assumed integral. As with the definition of a perfect zero-cycle, the following is a direct generalization of [SdSSdS12] .
Definition 3.2. Let P be an object of Perf X, ι, R X : Perf X → D b (X) the inclusion and Rouquier functor respectively. Then we say that P is a strong point object of codimension d ≥ 0 if it satisfies (1) R X (P ) ∼ = ι(P ) [d] (2) Hom(P, P [j]) = 0 for j < 0, (3) Hom(P, P ) is a commutative local k-algebra, (4) Hom(P, P [d]), is a cyclic right Hom(P, P )-module. If P only satisfies (2) through (4), we say that it is a weak point object (where the codimension is taken by default to be dim X = 1).
Its clear from the definition that the structure sheaf of a perfect zero-cycle supported in X \ X nG is a strong point object. However the perfect zero-cycles which are supported in X nG are weak point objects which are not strong; see Lemma 3.3 below. In addition, we wish to point out that there may be weak point objects which are not structure sheaves of perfect zero-cycles, but see Lemma 3.5 for a partial answer to this. Lemma 3.3. Let P be a strong point object of codimension d on a projective curve X. Then the following hold:
(1) d = 1, and (2) supp P ∩ X nG = ∅.
Remark 3.5. Before we begin the proof, we remind the reader that a straightforward application of Nakayama's Lemma gives a convenient criterion for when a closed point ι x : {x} ֒→ X belongs to the support of a complex C, namely this occurs if and only if Lι * x C = 0. Proof. Taking cohomology of both sides of the isomorphism R X (P ) ∼ = i(P ) [d] in Definition 3.2 we see that
Now using that both complexes are bounded above, set j = max{i | H i (P ) := H i = 0}. It follows from right exactness of the tensor product that
and so j is also maximal with respect to H j (P L ⊗ ω X ) = 0, as the right hand side vanishes if and only if H j vanishes. Now in (3.2), it follows that i + 1 is maximal if and only if i + d is maximal, and further that i + 1 = i + d. Hence d = 1. Now fixing some closed point ι x : {x} ֒→ X, passing to stalks via ι −1 x is an exact functor, and so it commutes with taking cohomology of the complex P . Let H i
x (P )) be the cohomology sheaves of the complex P x = ι −1 x (P ). Then let j x be maximal such that H jx x = 0. Then again by right-exactness of the tensor product and exactness of the inverse image, taking right-most cohomology (which is in degree j x by assumption)
However if x ∈ X nG then ω X,x is generated by at least two elements as a O X,x -module and by Nakayama's lemma the left hand side has strictly larger dimension then the right hand side. This is a contradiction, so we conclude that the cohomology sheaves of P have support disjoint from X nG .
Lemma 3.4. Let X be a projective curve which is strictly Cohen-Macaulay (X nG = ∅). Then every point object P in Perf X is isomorphic to O Zx [r] for some x ∈ X \ X nG and r ∈ Z, where Z x is a perfect zero-cycle supported at x ∈ X.
The following proof is almost completely identical to the analogous result in [SdSSdS12] . We include it here for the reader's convenience.
Proof. Let P = O Zx be the structure sheaf of a perfect zero-cycle supported on some closed point x ∈ X \ X nG . It follows from the fact that x ∈ X \ X nG that P satisfies (1) in Definition 3.2. P obviously satisfies (2) in Definition 3.2, as does any sheaf concentrated in some degree, and since O Zx is a cyclic O X -module, it follows that
and this is (3) in Definition 3.2. The last property is immediate from the definition of a perfect zero-cycle. This shows that perfect zero-cycles supported on X \ X nG are strong point objects.
Conversely, the first step is to show that P is supported at a single closed point. Lemma 3.3 implies that the support is proper. Since a closed proper subset of an integral curve is a finite set of points, we see dim(supp P ) = 0. If P were supported on at least two distinct points, it follows that P can be decomposed into a nontrivial direct sum. Yet the assumption that Hom(P, P ) be a local k-algebra implies that P is indecomposable. All together this implies that P is supported at a single point.
Next, we show that property (2) of Definition 3.2 implies that P has a single cohomology sheaf. Suppose that P has two nontrivial cohomology sheaves, H i , H j , i < j minimal and maximal respectively. Since we chose i minimal, respectively j maximal, we have a nonzero morphism H i → P [i], respectively P [j] → H j . Now since H j and H i are supported at a single common point, Lemma 3.1 implies the existence of a nonzero morphism H j → H i . Hence the composition P [j] → H j → H i → P [i] is nontrivial, but this gives a nonzero element in Hom(P [j], P [i]) = Hom(P, P [i − j]) which is a contradiction as i − j < 0. Hence P ∼ = F[r] ∈ Perf X for some r ∈ Z and F ∈ coh X. Now we have an exact sequence
This gives a distinguished triangle in D b (X), and applying Hom(F, −) gives a long exact sequence of abelian groups. Now since F is a coherent sheaf with zero-dimensional support, it has depth F = 0 as a module over the local ring. The Auslander-Buchsbaum formula implies, since the local ring is Cohen-Macaulay, that the projective dimension of F is dim X = 1. Thus, in the long exact sequence of abelian groups, we have a surjection
and since the former is a cyclic Hom(F, F)-module, the latter must be as well. In particular this implies that F/m x F is a one dimensional k(x)-vector space, as otherwise, Hom(F, F/m x F[1]) would split into a direct sum of Hom spaces, and hence not be cyclic. This then implies that F is cyclic by Nakayama's lemma, and so F ∼ = O X /I with I the annihilator of F in O X which is m x -primary. Taking the closed subscheme Z x defined by I, we see that Z x is supported at a single closed point x ∈ X \ X nG , and P ∼ = O Zx [r]. Hence the claim.
The same method of proof also yields the following.
Lemma 3.5. Let X be projective curve and P ∈ Perf X be a weak point object with zerodimensional support. Then P ∼ = O Zx [r] for some x ∈ X and r ∈ Z.
As presented in Lemma 2.3, any equivalence Φ : Perf X → Perf Y is isomorphic to a Fourier-Mukai functor Φ X→Y
→ Y are the projections and K ∈ D b (X × Y ). Here and from now on, fix one such Fourier-Mukai functor. Using the perfect zero-cycles, we aim to show that (extending Φ X→Y K to an equivalence D b (X) ∼ = D b (Y )) the functor preserves the structure sheaves of closed points.
Remark 3.6. From the definition of a point object it is clear that an equivalence Perf X ∼ = Perf Y must preserve the weak point objects, however since the Rouquier functor is not an endofunctor of Perf X, one may worry that the strong point objects are not preserved. Recall that from Lemma 2.5, the Fourier-Mukai functor Φ X→Y K : Perf X ∼ = Perf Y extends to an equivalence D b (X) ∼ = D b (Y ), and since the Rouquier functor is valued in the bounded derived category of coherent sheaves by Lemma 2.9 and commutes with equivalences as in Lemma 2.10, we get a commutative square
Now from Definition 3.2, strong point objects remain perfect complexes after an application of the Rouquier functor, so by this observation and the commutativity of the above, it follows that if P is a strong point object in Perf X, then so is Φ X→Y K (P ) in Perf Y . Note that this immediately implies that dim X = dim Y = 1 by considering the codimensions of strong points objects in both categories. Since then Y is assumed to be integral, dim Y = 1, and so Y is Cohen-Macaulay for dimension reasons.
We now see that the assumption that we have an equivalence implies that although Y was not assumed to be strictly Cohen-Macaulay, all strong point objects are shifts of perfect zero-cycles.
Lemma 3.6. Let X and Y be projective curves with X strictly Cohen-Macaulay, and Φ X→Y K : Perf X → Perf Y an equivalence of categories. Then all strong point objects on Y are of the form O Zy [r] for a perfect zero-cycle Z y and r ∈ Z. Further, given any closed point x ∈ X, there exists a closed point y ∈ Y and r ∈ Z such that Φ X→Y
Proof. We first show that the existence of the equivalence Φ X→Y K implies that every strong point object of Perf Y is of the same form. Denote byP (−) the strong point objects in Perf(−), and by P (−) the objects in Perf(−) isomorphic to a shift of a structure sheaf of a perfect zero-cycle supported off the non-Gorenstein locus. Then by definition of the objects inP (X) and Remark 3.6, they are preserved by equivalences, and so Lemma 3.4 and that Φ X→Y K is an equivalence gives us the following inclusions of sets P (X) =P (X) ∼ =P (Y ) ⊃ P (Y ).
We would like to show thatP (Y ) = P (Y ). Consider a strong point object Q ∈P (Y ). By Lemma 3.5, it is enough to show that this strong point object has zero dimensional support.
Note that by the inclusion of sets above, Q is in the essential image of the Fourier-Mukai functor, that is Φ X→Y K (O Z x ′ [r]) ∼ = Q for some closed point x ′ ∈ X, r ∈ Z, and perfect zero cycle Z x ′ . Similarly, given any strong point object O Zy supported on a closed point y ∈ Y \ Y nG , we can find x ∈ X \ X nG such that Φ X→Y for all t ∈ Z, but by Lemma 3.2 this means Q is supported on a proper (zero-dimensional) subset. Hence by Lemma 3.5 Q ∼ = O Zx [r] for some x ∈ X \ X nG and r ∈ Z. This shows the first statement.
Now we want to show that perfect zero-cycles (regardless of where they are supported) are preserved by the Fourier-Mukai functor. If they are supported in X \ X nG , the previous paragraph implies the claim, so let x ∈ X nG . Again consider the complex Q = Φ X→Y K (O Zx ).
Choosing some x ′ ∈ X \ X nG , the conclusion of the previous paragraph says Φ X→Y Since the left hand side is the residue field k(x), so must the right hand side. But the only module over O Y,y with this endomorphism algebra is the residue field. This shows O Zy ∼ = k(y) and in particular, y ∈ Y is a smooth point.
We are now in a position to prove Theorem A.
Proof of Theorem A. We show that the Fourier-Mukai functor Φ X→Y K preserves the structure sheaves of closed points, and rest of the proof follows from Lemma 2.6.
Using Lemma 2.5, first extend the equivalence Φ X→Y First consider when i = 0. Since the endomorphisms are a field, the complex Q must be supported at a single point. Now consider when i < 0. Then since Q is supported at a single point, an identical argument as in Lemma 3.4 implies Q ∼ = F[r] for some F ∈ coh Y , supported at a single point y ∈ Y , and r ∈ Z. Considering i = 0 once again, End(Q) ∼ = k(x) implies that Q ∼ = k(y)[r] for some r ∈ Z and some y ∈ Y a closed point. This is what we wanted to show.
